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We report an experimental demonstration of a machine learning approach to identify exotic topological
phases, with a focus on the three-dimensional chiral topological insulators. We show that the convolutional
neural networks—a class of deep feed-forward artificial neural networks with widespread applications in ma-
chine learning—can be trained to successfully identify different topological phases protected by chiral symmetry
from experimental raw data generated with a solid-state quantum simulator. Our results explicitly showcase the
exceptional power of machine learning in the experimental detection of topological phases, which paves a way
to study rich topological phenomena with the machine learning toolbox.
The discovery of topological phases has transformed our
modern understanding of quantum phases of matter [1–3].
Unlike conventional phases, topological phases do not fit into
the paradigm of symmetry breaking [4]. Instead, distinct topo-
logical phases exist within each symmetry class [5–8]. In the
experiment, the identification of topological phases typically
relies on measuring certain properties that have a topological
origin. For example, to identify the three-dimensional (3D)
Z2 topological insulators (TIs), one can measure their robust
surface states (e.g., Dirac cones) [9, 10]. Yet, for other topo-
logical phases, it can be technologically challenging to pro-
vide a nonambiguous experimental identification.
Machine learning, or more broadly speaking artificial intel-
ligence, may provide new promising approaches to solve such
challenges. In fact, its ideas and techniques have recently been
explored in condensed matter physics, giving rise to a fresh
research frontier of machine learning phases of matter [11–
24]. Particularly, theoretical proposals for using supervised
learning to identify topological phases have been proposed
and have attracted considerable attention across multiple com-
munities [19–21]. A striking advantage of this approach is that
the neural networks can be trained to detect topological phases
directly from raw data of local observables, such as spin tex-
tures or local correlations, though the topological properties
are intrinsically nonlocal. Despite all this exciting theoretical
progress, the power of machine learning in studying quantum
phases of matter, especially topological phases, has not yet
been demonstrated in laboratory.
In this Letter, we carry out such an experiment and demon-
strate that neural networks can be trained to successfully iden-
tify topological phases, even with a very small portion of the
experimentally generated raw data. By using the electron
spins in a diamond nitrogen-vacancy (NV) center, we imple-
ment a model Hamiltonian for 3D chiral TIs and obtain the
corresponding single-particle density matrices in the momen-
tum space through quantum state tomography [25]. Using the
measured density matrices as input data, we find that a trained
3D convolutional neural network (CNN) can correctly iden-
tify distinct topological phases. We emphasize that this ap-
proach only requires a small portion of data samples, which
would significantly reduce the cost in practical experiments
[26]. Our results demonstrate the experimental feasibility of
the machine learning approach to study topological phases,
which opens the door for experimental detection of exotic
quantum phases with the machine learning toolbox.
We focus our discussion on 3D chiral TIs, which have at-
tracted extensive attention in recent years [27–32] . Unlike the
well-known Z2 TIs, chiral TIs break both time-reversal and
particle-hole symmetry, but preserve chiral symmetry and are
characterized by a Z topological invariant [5–8]. Due to chiral
symmetry, chiral TIs exhibit a zero-energy flat band when the
total number of bands is odd. Strong interactions may lead
to nontrivial many-body effects in 3D topological flat bands
[28, 30, 33] and chiral TIs could provide an ideal setting to
study possible fractionalization in 3D [34–36]. In our experi-
ment, we detect the topological flat band via energy dispersion
measurements. Topological phase transitions and the accom-
panied gap closings are also observed by changing a control
parameter in the Hamiltonian.
We consider a minimal three-band Hamiltonian for
3D chiral TIs H =
∑
k∈BZ Ψ
†
kHkΨk, where Ψ†k =
(c†k,1, c
†
k,0, c
†
k,−1) with c
†
k,µ creating a fermion at momentum
k = (kx, ky, kz) in the orbital (spin) state µ = 1, 0,−1 and
the summation is over the Brillouin zone (BZ); the single-
particle momentum-resolved Hamiltonian is [28, 30]:
Hk =
 0 q1(k)− iq2(k) 0q1(k) + iq2(k) 0 q3(k) + iq0(k)
0 q3(k)− iq0(k) 0

(1)
with momentum-dependent functions q1(k) = t sin kx,
q2(k) = t sin ky , q3(k) = t sin kz , and q0(k) = t(cos kx +
cos ky+cos kz+h) where t = 1 is set to be the energy unit and
h is a dimensionless control parameter. The Hamiltonian has
a chiral symmetry SHkS−1 = −Hk specified by the unitary
transformation S ≡ diag(1, 1,−1). The topological proper-
ties for each band can be characterized by a topological invari-
ant θ(λ) [37], which has measurable consequences in 3D TIs,
such as the magneto-electric polarization [29, 32, 38, 39]. For
the middle band, direct calculations show that θ(m)/pi = 0, 1
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2and −2 for |h| > 3, 1 < |h| < 3, and |h| < 1, respectively.
We experimentally realize this model Hamiltonian and
probe its topological characteristics using a single NV cen-
ter in a diamond sample at room temperature [Fig. 1(a)]. Our
experimental setup is based on a home-built confocal micro-
scope with an oil-immersed objective lens. The three spin (or-
bital) degrees of freedom can be encoded into the ground state
|1〉, |0〉, | − 1〉 corresponding to ms = 1, 0,−1 electron spin
states of the NV center [Fig. 1(b)]. A magnetic field is applied
along the NV symmetry axis to polarize nearby spins and re-
move the degeneracy between the ms = 1 and ms = −1
states. With no inter-particle interactions, the Hamiltonian H
is diagonal in the momentum space, so different momentum
components in each band are decoupled. One can thus mea-
sure each momentum component separately in the experiment
and probe the properties of the entire topological band by col-
lecting individual measurements.
From Eq. (1), one observes that the Hamiltonian Hk has
no diagonal terms and no direct coupling between states |1〉
and | − 1〉, so we can implement the Hamiltonian at each k
by two on-resonance microwaves as shown in Fig. 1(b) [40].
In our experiment, we do not have a physical analog for the
lattice momentum k. Instead, an adiabatic passage is used to
realize the eigenstate of each band of the Hamiltonian Hk at
some parametric point k. Fig. 1(c) shows such an experimen-
tal sequence. The spin state is first initialized to the state |0〉.
To probe the properties of the lower band, we first adiabat-
ically prepare the state |Ψ(l)0 〉 = 1√2 (|0〉+ i|−1〉), which is
the ground state of the HamiltonianHk at k = (0, 0, 0). Then
ground states at other k points can be attained by adiabati-
cally tuning the microwaves to the final HamiltonianHk [40].
For the middle band, the state |Ψ(m)0 〉 = |1〉 is first prepared,
which is the middle eigenstate of the Hamiltonian at k =
(0, 0, 0), before tracing a similar adiabatic passage to reach
any other states of the flat band. Interestingly, the middle-band
states are effectively the dark state of the Hamiltonian Hk at
all k points, which offers an alternative interpretation for the
macroscopic flat band. Thus, the adiabatic procedure to reach
any middle-band eigenstates resembles the stimulated Raman
adiabatic passage (STIRAP). It is intriguing that the energy
band composed of dark states can be topologically nontrivial,
as we demonstrate explicitly later by learning the topological
invariants and probing of phase transitions. The topological
gap between different bands guarantees the feasibility of the
above adiabatic procedure, and in order to remain as adiabatic
as possible, we ramp the microwaves more slowly when the
gap is smaller. This also enables us to probe the system close
to topological phase transitions.
After the adiabatic passage, we perform quantum state to-
mography for the qutrit system via measurements in eight
different sets of bases, and retrieve the full density matrix
via a maximum likelihood estimation [40]. Through these
tomography measurements on a momentum grid, we obtain
full information about the corresponding band. Figs. 1(d)
and 1(e) show histograms of the retrieved state fidelity Fk =
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FIG. 1. (a) Structure of the nitrogen-vacancy (NV) center. (b)
Ground state energy levels with their corresponding electron spins,
coupled by two microwaves (MW1 and MW2), are used to simu-
late the three-band topological Hamiltonian. (c) An experimental se-
quence for the adiabatic passage. The amplitude of MW1, amplitude
of MW2, detuning of MW2, and phase of MW2 are denoted as |Ω1|,
|Ω2|, ∆ω2 and ϕ2, respectively. The phase of MW1 is kept con-
stant. This path illustrates the adiabatic preparation for the ground
state of the Hamiltonian Hk at (kx, ky, kz) = (0.6pi, 0.6pi, 0.6pi)
and h = 1. The spin is first initialized to |0〉 and then adiabatically
ramped into the ground state of Hk at k = 0 in the preparation
stage. Next, the Hamiltonian Hk is slowly ramped from k = 0 to
each specific k by controlling the amplitude and phase of MW1 and
MW2. Lastly, full quantum state tomography is performed through
measurements in various bases. (d)-(e) Histogram of the measured
state fidelity Fk at each k on a 10 × 10 × 10 regular grid for the
middle band with (d) h = 2 and (e) h = 4. The average fidelity
is 96.3(27)% and 97.4(23)% for h = 2 and h = 4, respectively,
indicated by the dashed lines.
〈Ψk|ρk|Ψk〉 for the middle band on a 10 × 10 × 10 regular
grid, where Ψk is the theoretically obtained eigenstate and ρk
is the experimentally measured density matrix, which serves
as the input data for the neural network.
In the experiment, we use a pre-trained CNN to predict
the topological invariant. This is in the setting of supervised
learning, where the essential idea is the same as how one
trains artificial neural networks to identify pictures of dogs
and cats. A CNN is first trained with numerically sampled
data (density matrices) from h ∈ [−5, 5], avoiding the inter-
vals [1.8, 2.2] and [3.8, 4.2] where experimental data lie. Cor-
rect values of the topological invariant θ(m)/pi are numerically
computed and assigned to the corresponding training samples.
Fig. 2(a) shows a schematic of the CNN we used, where the
input data are the state density matrices on a 10 × 10 × 10
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0.95
<latexit sha1_base64="/McXaOb0+MNC0q9LIlrioqglUpw=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRF Yk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEmpQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1DYevV8/O9ZtgKK4NtJ6qdJqnt5Hy/8T0eKpanKC0T1Jh+FGZ2UFB tORO48OPcYEbZlI6x71xJUzSDohK7gMBFhjBS2n3SQhVdRRQ0NWaeJq4ypXZiNnNl8F+5fm5HLwcFl1luUbJlo1EuwCoobw5DrpFZMXcOZZo7rcAmVFNm3Xz8AFb7SGWrARlH82kOaiahTq3rSdKF7wcBvNH02RQtdK5wEAR+LHHGVJpSOSziRFNXsOi3B0UsqBwLhGYEl 9BsQ6yrs2v1jjs5kNRkVyK2iBb9aJ3FQUsJ1yCqvg5xWdb+bQYf/9eDVajDbbXud7jKsq55xu0EVIaaWvfCXEKCdoa4wU8vcPMOK4yv3cK64YIjeP8tc2+2VHjdmN3+Rpvbuu2ctltR2Io+HzWPO/Um75In5Ck5IBF5QY7JB3JCuoSRCflBfpJf3oHX8bpeb1na2Kkxj8m aeV//AH1oJ5g=</latexit><latexit sha1_base64="/McXaOb0+MNC0q9LIlrioqglUpw=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRF Yk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEmpQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1DYevV8/O9ZtgKK4NtJ6qdJqnt5Hy/8T0eKpanKC0T1Jh+FGZ2UFB tORO48OPcYEbZlI6x71xJUzSDohK7gMBFhjBS2n3SQhVdRRQ0NWaeJq4ypXZiNnNl8F+5fm5HLwcFl1luUbJlo1EuwCoobw5DrpFZMXcOZZo7rcAmVFNm3Xz8AFb7SGWrARlH82kOaiahTq3rSdKF7wcBvNH02RQtdK5wEAR+LHHGVJpSOSziRFNXsOi3B0UsqBwLhGYEl 9BsQ6yrs2v1jjs5kNRkVyK2iBb9aJ3FQUsJ1yCqvg5xWdb+bQYf/9eDVajDbbXud7jKsq55xu0EVIaaWvfCXEKCdoa4wU8vcPMOK4yv3cK64YIjeP8tc2+2VHjdmN3+Rpvbuu2ctltR2Io+HzWPO/Um75In5Ck5IBF5QY7JB3JCuoSRCflBfpJf3oHX8bpeb1na2Kkxj8m aeV//AH1oJ5g=</latexit><latexit sha1_base64="/McXaOb0+MNC0q9LIlrioqglUpw=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRF Yk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEmpQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1DYevV8/O9ZtgKK4NtJ6qdJqnt5Hy/8T0eKpanKC0T1Jh+FGZ2UFB tORO48OPcYEbZlI6x71xJUzSDohK7gMBFhjBS2n3SQhVdRRQ0NWaeJq4ypXZiNnNl8F+5fm5HLwcFl1luUbJlo1EuwCoobw5DrpFZMXcOZZo7rcAmVFNm3Xz8AFb7SGWrARlH82kOaiahTq3rSdKF7wcBvNH02RQtdK5wEAR+LHHGVJpSOSziRFNXsOi3B0UsqBwLhGYEl 9BsQ6yrs2v1jjs5kNRkVyK2iBb9aJ3FQUsJ1yCqvg5xWdb+bQYf/9eDVajDbbXud7jKsq55xu0EVIaaWvfCXEKCdoa4wU8vcPMOK4yv3cK64YIjeP8tc2+2VHjdmN3+Rpvbuu2ctltR2Io+HzWPO/Um75In5Ck5IBF5QY7JB3JCuoSRCflBfpJf3oHX8bpeb1na2Kkxj8m aeV//AH1oJ5g=</latexit><latexit sha1_base64="/McXaOb0+MNC0q9LIlrioqglUpw=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRF Yk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEmpQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1DYevV8/O9ZtgKK4NtJ6qdJqnt5Hy/8T0eKpanKC0T1Jh+FGZ2UFB tORO48OPcYEbZlI6x71xJUzSDohK7gMBFhjBS2n3SQhVdRRQ0NWaeJq4ypXZiNnNl8F+5fm5HLwcFl1luUbJlo1EuwCoobw5DrpFZMXcOZZo7rcAmVFNm3Xz8AFb7SGWrARlH82kOaiahTq3rSdKF7wcBvNH02RQtdK5wEAR+LHHGVJpSOSziRFNXsOi3B0UsqBwLhGYEl 9BsQ6yrs2v1jjs5kNRkVyK2iBb9aJ3FQUsJ1yCqvg5xWdb+bQYf/9eDVajDbbXud7jKsq55xu0EVIaaWvfCXEKCdoa4wU8vcPMOK4yv3cK64YIjeP8tc2+2VHjdmN3+Rpvbuu2ctltR2Io+HzWPO/Um75In5Ck5IBF5QY7JB3JCuoSRCflBfpJf3oHX8bpeb1na2Kkxj8m aeV//AH1oJ5g=</latexit><latexit sha1_base64="/McXaOb0+MNC0q9LIlrioqglUpw=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRF Yk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEmpQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1DYevV8/O9ZtgKK4NtJ6qdJqnt5Hy/8T0eKpanKC0T1Jh+FGZ2UFB tORO48OPcYEbZlI6x71xJUzSDohK7gMBFhjBS2n3SQhVdRRQ0NWaeJq4ypXZiNnNl8F+5fm5HLwcFl1luUbJlo1EuwCoobw5DrpFZMXcOZZo7rcAmVFNm3Xz8AFb7SGWrARlH82kOaiahTq3rSdKF7wcBvNH02RQtdK5wEAR+LHHGVJpSOSziRFNXsOi3B0UsqBwLhGYEl 9BsQ6yrs2v1jjs5kNRkVyK2iBb9aJ3FQUsJ1yCqvg5xWdb+bQYf/9eDVajDbbXud7jKsq55xu0EVIaaWvfCXEKCdoa4wU8vcPMOK4yv3cK64YIjeP8tc2+2VHjdmN3+Rpvbuu2ctltR2Io+HzWPO/Um75In5Ck5IBF5QY7JB3JCuoSRCflBfpJf3oHX8bpeb1na2Kkxj8m aeV//AH1oJ5g=</latexit>
1.05
<latexit sha1_base64="tZr2yo67QKX3WxVRlgpYH4ybfEI=">AAADpnicfVLbbtNAEN3GQIu5tfDIy4jIUl+I7BREH8tNQkJER SJNpTgq680kWWW9a+2uGyI3f4B4hV/jb1g7rsiFMpKt2Zk5Z87OTpIJbmwY/t5peLdu39ndu+vfu//g4aP9g8dnRuWaYZcpofR5Qg0KLrFruRV4nmmkaSKwl0zflvneJWrDlfxi5xkOUjqWfMQZtWUoaoUvL/abYSusDLadqHaapLbTi4PG93ioWJ6itExQY/pRmNlBQbX lTODCj3ODGWVTOsa+cyVN0QyKSuwCAhcZwkhp90kLVXQVUdDUmHmauMqU2onZzJXBf+X6uR0dDwous9yiZMtGo1yAVVDeHIZcI7Ni7hzKNHdagU2opsy6+fgBrPaRylYDMo7m0xzUTEKdWteTpAvfDwJ4o+nzKVroXOMgCPxY4oypNKVyWMSJpq5g0W8PilhQORYIzQiuo NmGWFdn1+odd3IgqcmuRWwRLfrROouDlhJuQFR9HeKqrP3bDD7+rwerUEfbat3vaJVlXfOM2wmoDDW17oW5hATtDHGDn17i5h1WGF+7hXXDBUfw/lvm3myp8KYxu/2NNrd12zlrt6KwFX1+0Tzp1Ju8R56SZ+SQROQVOSEfyCnpEkYm5Af5SX55h17H63q9ZWljp8Y8IWv mff0DY2onkA==</latexit><latexit sha1_base64="tZr2yo67QKX3WxVRlgpYH4ybfEI=">AAADpnicfVLbbtNAEN3GQIu5tfDIy4jIUl+I7BREH8tNQkJER SJNpTgq680kWWW9a+2uGyI3f4B4hV/jb1g7rsiFMpKt2Zk5Z87OTpIJbmwY/t5peLdu39ndu+vfu//g4aP9g8dnRuWaYZcpofR5Qg0KLrFruRV4nmmkaSKwl0zflvneJWrDlfxi5xkOUjqWfMQZtWUoaoUvL/abYSusDLadqHaapLbTi4PG93ioWJ6itExQY/pRmNlBQbX lTODCj3ODGWVTOsa+cyVN0QyKSuwCAhcZwkhp90kLVXQVUdDUmHmauMqU2onZzJXBf+X6uR0dDwous9yiZMtGo1yAVVDeHIZcI7Ni7hzKNHdagU2opsy6+fgBrPaRylYDMo7m0xzUTEKdWteTpAvfDwJ4o+nzKVroXOMgCPxY4oypNKVyWMSJpq5g0W8PilhQORYIzQiuo NmGWFdn1+odd3IgqcmuRWwRLfrROouDlhJuQFR9HeKqrP3bDD7+rwerUEfbat3vaJVlXfOM2wmoDDW17oW5hATtDHGDn17i5h1WGF+7hXXDBUfw/lvm3myp8KYxu/2NNrd12zlrt6KwFX1+0Tzp1Ju8R56SZ+SQROQVOSEfyCnpEkYm5Af5SX55h17H63q9ZWljp8Y8IWv mff0DY2onkA==</latexit><latexit sha1_base64="tZr2yo67QKX3WxVRlgpYH4ybfEI=">AAADpnicfVLbbtNAEN3GQIu5tfDIy4jIUl+I7BREH8tNQkJER SJNpTgq680kWWW9a+2uGyI3f4B4hV/jb1g7rsiFMpKt2Zk5Z87OTpIJbmwY/t5peLdu39ndu+vfu//g4aP9g8dnRuWaYZcpofR5Qg0KLrFruRV4nmmkaSKwl0zflvneJWrDlfxi5xkOUjqWfMQZtWUoaoUvL/abYSusDLadqHaapLbTi4PG93ioWJ6itExQY/pRmNlBQbX lTODCj3ODGWVTOsa+cyVN0QyKSuwCAhcZwkhp90kLVXQVUdDUmHmauMqU2onZzJXBf+X6uR0dDwous9yiZMtGo1yAVVDeHIZcI7Ni7hzKNHdagU2opsy6+fgBrPaRylYDMo7m0xzUTEKdWteTpAvfDwJ4o+nzKVroXOMgCPxY4oypNKVyWMSJpq5g0W8PilhQORYIzQiuo NmGWFdn1+odd3IgqcmuRWwRLfrROouDlhJuQFR9HeKqrP3bDD7+rwerUEfbat3vaJVlXfOM2wmoDDW17oW5hATtDHGDn17i5h1WGF+7hXXDBUfw/lvm3myp8KYxu/2NNrd12zlrt6KwFX1+0Tzp1Ju8R56SZ+SQROQVOSEfyCnpEkYm5Af5SX55h17H63q9ZWljp8Y8IWv mff0DY2onkA==</latexit><latexit sha1_base64="tZr2yo67QKX3WxVRlgpYH4ybfEI=">AAADpnicfVLbbtNAEN3GQIu5tfDIy4jIUl+I7BREH8tNQkJER SJNpTgq680kWWW9a+2uGyI3f4B4hV/jb1g7rsiFMpKt2Zk5Z87OTpIJbmwY/t5peLdu39ndu+vfu//g4aP9g8dnRuWaYZcpofR5Qg0KLrFruRV4nmmkaSKwl0zflvneJWrDlfxi5xkOUjqWfMQZtWUoaoUvL/abYSusDLadqHaapLbTi4PG93ioWJ6itExQY/pRmNlBQbX lTODCj3ODGWVTOsa+cyVN0QyKSuwCAhcZwkhp90kLVXQVUdDUmHmauMqU2onZzJXBf+X6uR0dDwous9yiZMtGo1yAVVDeHIZcI7Ni7hzKNHdagU2opsy6+fgBrPaRylYDMo7m0xzUTEKdWteTpAvfDwJ4o+nzKVroXOMgCPxY4oypNKVyWMSJpq5g0W8PilhQORYIzQiuo NmGWFdn1+odd3IgqcmuRWwRLfrROouDlhJuQFR9HeKqrP3bDD7+rwerUEfbat3vaJVlXfOM2wmoDDW17oW5hATtDHGDn17i5h1WGF+7hXXDBUfw/lvm3myp8KYxu/2NNrd12zlrt6KwFX1+0Tzp1Ju8R56SZ+SQROQVOSEfyCnpEkYm5Af5SX55h17H63q9ZWljp8Y8IWv mff0DY2onkA==</latexit><latexit sha1_base64="tZr2yo67QKX3WxVRlgpYH4ybfEI=">AAADpnicfVLbbtNAEN3GQIu5tfDIy4jIUl+I7BREH8tNQkJER SJNpTgq680kWWW9a+2uGyI3f4B4hV/jb1g7rsiFMpKt2Zk5Z87OTpIJbmwY/t5peLdu39ndu+vfu//g4aP9g8dnRuWaYZcpofR5Qg0KLrFruRV4nmmkaSKwl0zflvneJWrDlfxi5xkOUjqWfMQZtWUoaoUvL/abYSusDLadqHaapLbTi4PG93ioWJ6itExQY/pRmNlBQbX lTODCj3ODGWVTOsa+cyVN0QyKSuwCAhcZwkhp90kLVXQVUdDUmHmauMqU2onZzJXBf+X6uR0dDwous9yiZMtGo1yAVVDeHIZcI7Ni7hzKNHdagU2opsy6+fgBrPaRylYDMo7m0xzUTEKdWteTpAvfDwJ4o+nzKVroXOMgCPxY4oypNKVyWMSJpq5g0W8PilhQORYIzQiuo NmGWFdn1+odd3IgqcmuRWwRLfrROouDlhJuQFR9HeKqrP3bDD7+rwerUEfbat3vaJVlXfOM2wmoDDW17oW5hATtDHGDn17i5h1WGF+7hXXDBUfw/lvm3myp8KYxu/2NNrd12zlrt6KwFX1+0Tzp1Ju8R56SZ+SQROQVOSEfyCnpEkYm5Af5SX55h17H63q9ZWljp8Y8IWv mff0DY2onkA==</latexit>
2.95
<latexit sha1_base64="74+WzaFTxMUOkhYekQL/SBqj8rc=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRFYk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEm pQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1D7dar5+d7zbAVVgbbTlQ7TVLbyfl+43s8VCxPUVomqDH9KMzsoKDaciZw4ce5wYyyKR1j37mSpmgGRSV2AYGLDGGktPukhSq6iihoasw8TVxlSu3EbObK4L9y/dyOXg4KLrPcomTLRqNcgFVQ3hyGXCOzYu4cyjR3WoFNqKbMuvn4Aaz2kcpWAzKO5tMc1ExCnVrXk6QL3w8CeKPpsyla6FzhIAj8WOKMqTSlcljEiaauYNFvD4pYUDkWCM0ILqHZhlhXZ9fqHXdyIKnJrkRsES360TqLg5YSrkFUfR3isqz92ww+/q8Hq1CH22rd73CVZV3zjNsJqAw1te6FuYQE7Qxxg59e4OYdVh hfu4V1wwVH8P5b5t5sqfC6Mbv9jTa3dds5bbeisBV9Pmoed+pN3iVPyFNyQCLyghyTD+SEdAkjE/KD/CS/vAOv43W93rK0sVNjHpM1877+AYPsJ5o=</latexit><latexit sha1_base64="74+WzaFTxMUOkhYekQL/SBqj8rc=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRFYk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEm pQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1D7dar5+d7zbAVVgbbTlQ7TVLbyfl+43s8VCxPUVomqDH9KMzsoKDaciZw4ce5wYyyKR1j37mSpmgGRSV2AYGLDGGktPukhSq6iihoasw8TVxlSu3EbObK4L9y/dyOXg4KLrPcomTLRqNcgFVQ3hyGXCOzYu4cyjR3WoFNqKbMuvn4Aaz2kcpWAzKO5tMc1ExCnVrXk6QL3w8CeKPpsyla6FzhIAj8WOKMqTSlcljEiaauYNFvD4pYUDkWCM0ILqHZhlhXZ9fqHXdyIKnJrkRsES360TqLg5YSrkFUfR3isqz92ww+/q8Hq1CH22rd73CVZV3zjNsJqAw1te6FuYQE7Qxxg59e4OYdVh hfu4V1wwVH8P5b5t5sqfC6Mbv9jTa3dds5bbeisBV9Pmoed+pN3iVPyFNyQCLyghyTD+SEdAkjE/KD/CS/vAOv43W93rK0sVNjHpM1877+AYPsJ5o=</latexit><latexit sha1_base64="74+WzaFTxMUOkhYekQL/SBqj8rc=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRFYk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEm pQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1D7dar5+d7zbAVVgbbTlQ7TVLbyfl+43s8VCxPUVomqDH9KMzsoKDaciZw4ce5wYyyKR1j37mSpmgGRSV2AYGLDGGktPukhSq6iihoasw8TVxlSu3EbObK4L9y/dyOXg4KLrPcomTLRqNcgFVQ3hyGXCOzYu4cyjR3WoFNqKbMuvn4Aaz2kcpWAzKO5tMc1ExCnVrXk6QL3w8CeKPpsyla6FzhIAj8WOKMqTSlcljEiaauYNFvD4pYUDkWCM0ILqHZhlhXZ9fqHXdyIKnJrkRsES360TqLg5YSrkFUfR3isqz92ww+/q8Hq1CH22rd73CVZV3zjNsJqAw1te6FuYQE7Qxxg59e4OYdVh hfu4V1wwVH8P5b5t5sqfC6Mbv9jTa3dds5bbeisBV9Pmoed+pN3iVPyFNyQCLyghyTD+SEdAkjE/KD/CS/vAOv43W93rK0sVNjHpM1877+AYPsJ5o=</latexit><latexit sha1_base64="74+WzaFTxMUOkhYekQL/SBqj8rc=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRFYk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEm pQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1D7dar5+d7zbAVVgbbTlQ7TVLbyfl+43s8VCxPUVomqDH9KMzsoKDaciZw4ce5wYyyKR1j37mSpmgGRSV2AYGLDGGktPukhSq6iihoasw8TVxlSu3EbObK4L9y/dyOXg4KLrPcomTLRqNcgFVQ3hyGXCOzYu4cyjR3WoFNqKbMuvn4Aaz2kcpWAzKO5tMc1ExCnVrXk6QL3w8CeKPpsyla6FzhIAj8WOKMqTSlcljEiaauYNFvD4pYUDkWCM0ILqHZhlhXZ9fqHXdyIKnJrkRsES360TqLg5YSrkFUfR3isqz92ww+/q8Hq1CH22rd73CVZV3zjNsJqAw1te6FuYQE7Qxxg59e4OYdVh hfu4V1wwVH8P5b5t5sqfC6Mbv9jTa3dds5bbeisBV9Pmoed+pN3iVPyFNyQCLyghyTD+SEdAkjE/KD/CS/vAOv43W93rK0sVNjHpM1877+AYPsJ5o=</latexit><latexit sha1_base64="74+WzaFTxMUOkhYekQL/SBqj8rc=">AAADpnicfVLbbtNAEN3GXIq5tfDIy4jIUl+I7LQIeCs3CQkRFYk0leKorDeTZJX1rrW7bojc/AHiFX6Nv2HtuCIXyki2ZmfmnDk7O0kmuLFh+Hun4d24eev27h3/7r37Dx7u7T86NSrXDLtMCaXPEm pQcIldy63As0wjTROBvWT6tsz3LlAbruQXO89wkNKx5CPOqC1D7dar5+d7zbAVVgbbTlQ7TVLbyfl+43s8VCxPUVomqDH9KMzsoKDaciZw4ce5wYyyKR1j37mSpmgGRSV2AYGLDGGktPukhSq6iihoasw8TVxlSu3EbObK4L9y/dyOXg4KLrPcomTLRqNcgFVQ3hyGXCOzYu4cyjR3WoFNqKbMuvn4Aaz2kcpWAzKO5tMc1ExCnVrXk6QL3w8CeKPpsyla6FzhIAj8WOKMqTSlcljEiaauYNFvD4pYUDkWCM0ILqHZhlhXZ9fqHXdyIKnJrkRsES360TqLg5YSrkFUfR3isqz92ww+/q8Hq1CH22rd73CVZV3zjNsJqAw1te6FuYQE7Qxxg59e4OYdVh hfu4V1wwVH8P5b5t5sqfC6Mbv9jTa3dds5bbeisBV9Pmoed+pN3iVPyFNyQCLyghyTD+SEdAkjE/KD/CS/vAOv43W93rK0sVNjHpM1877+AYPsJ5o=</latexit>
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FIG. 2. Machine learning topological phases. (a) Architecture of
the 3D convolutional neural network (CNN) to classify the topolog-
ical phases. The input is experimental data of density matrices on a
10 × 10 × 10 regular grid. Each density matrix is represented by
8 real numbers [40]. The output is the classification probabilities
for each possible phase with θ(m)/pi = 0, 1,−2. (b) The CNN is
trained with numerically simulated data generated uniformly from
h ∈ [−5, 5] while avoiding the intervals [1.8, 2.2] and [3.8, 4.2]
(where experimental data lie in). There are 3680 training samples
and 921 validation samples. The inset shows that wrong classifica-
tions (red crosses) cluster near the points of topological phase tran-
sitions. (c) CNN classification of the experimental data with h = 2
and h = 4. We randomly discard a proportion p out of the 1000
measured density matrices for each h (the missing data are replaced
with zero values to keep the input size fixed). Error bars are obtained
with 500 random data dropping process.
grid, and the output reports the classification probabilities
P (θm/pi = 0, 1,−2) for each possible phase [40]. Fig. 2(b)
shows the training and validation accuracies with increasing
iterations. Both the training and validation accuracies increase
rapidly at the beginning of the training process and then sat-
urate at a high value (≈ 98%). Near the topological phase
transition points, wrong classifications may occur due to large
quantum fluctuations, as observed in the inset of Fig. 2(b).
After training, we use the CNN to predict the topological
phases of our experimental data at h = 2 and h = 4. We
find that, when using the entire set of measured density ma-
trices on the 10 × 10 × 10 grid, the trained CNN can iden-
tify the topological phase with a nearly unity probability. A
more interesting scenario arises when part of the data is miss-
ing or not accessible. This is inspired by the fact that in the
case of learning to recognize dogs and cats, the trained net-
work can sometimes successfully recognize images that are
partially destroyed. As shown in Fig. 2(c), it is remarkable
that the trained CNN can successfully identify (with a proba-
bility& 90%) different topological phases even with less than
10% of the experimental data.
We remark that the machine learning approach outshines
conventional methods in several aspects. First, the neural net-
work needs not to know the precise formula for different topo-
logical invariants. What is necessary is the labelling of the
training data. Thus, this approach has a broader applicability
in general. Especially, it carries over to the cases of poorly un-
derstood phases, where the precise order parameters or topo-
logical characterization are not known a priori. Second, in
terms of data efficiency, CNN beats conventional methods that
use discrete integration, which is not directly applicable if data
are not supplied on a regular grid [40]. In practice, this would
reduce the experimental cost dramatically since much fewer
data samples are required. Third, machine learning tools have
the advantage of directly using measurement results in the
form of mixed states, whereas conventional methods typically
rely on topological invariants commonly defined in terms of
pure states. In addition, we mention that CNN can be used
to identify topological phase transition points, despite the fact
that the training data are sampled far away from the transition
boundaries [40].
As mentioned before, an interesting property of this three-
band chiral TI is the presence of a three-dimensional macro-
scopic flat band. To probe this dispersionless band, we mea-
sure the energy of the middle band via state tomography. Left
panels of Fig. 3(a) and (b) show the measured energy spec-
trum on a 10 × 10 grid in the (kx, ky) plane for the momen-
tum layer kz = pi. For other layers of kz , we also observe the
flat middle band, confirming the 3D nature of the macroscopic
flat band. For h = 2, we can clearly see a band gap, while for
h = 3, the gap closes at (kx, ky, kz) = (pi, pi, pi), signaling
the topological phase transition.
To further probe these topological phase transitions, we
measure the energies of the lower band and the middle
band along a path connecting the high symmetry points
in the momentum space for various values of the parame-
ter h. Fig. 3(c) and (d) show the measured energy spec-
trum along the smooth path Γ-X-M -Γ-R-X-M -R, where
Γ, X,M,R are high-symmetry momentum points as illus-
trated in Fig. 3(e). By changing the parameter from h = 0 to
h = 3.5, we see the gap between the lower band and the mid-
dle band closes at the M point for h = 1 [Fig. 3(c)] and at the
R point for h = 3 [Fig. 3(d)], consistent with our theoretical
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FIG. 3. Topological flat band and topological phase transitions. (a) Experimentally measured energy dispersion of the middle and lower band
for the momentum layer kz = pi with h = 2 (left panel). Energies are measured on a 10× 10 grid in the (kx, ky) plane, and the surface plots
are interpolated from the grid. Corresponding theoretical energy dispersion is shown in the right panel. (b) same as (a) but for h = 3. (c-d)
Energy spectrum of the system for different values of the parameter h, showing gap-closing topological phase transitions at h = 1, 3. The
high symmetry points are respectively Γ = (0, 0, 0), X = (0, pi, 0), M = (pi, pi, 0), and R = (pi, pi, pi). Markers are experimental data with
error bars representing uncertainties obtained from the 95% confidence interval. Dashed lines are theoretical lines. (e) Brillouin zone showing
the high symmetry points and the path connecting them.
predictions. The gapless points are deliberately avoided due
to the breakdown of adiabaticity, but the trend of gap closing
can be clearly seen. The topological phase transition points
can also be successfully predicted by the trained CNN [40].
In conclusion, we have experimentally demonstrated a ma-
chine learning approach to identify topological phases with a
solid-state quantum simulator. We show that a CNN can be
trained to successfully identify topological phases, even with
a minimal number of data samples. This demonstrates a strik-
ing advantage of the machine learning approach, which could
significantly reduce the experimental cost. Since the CNN ap-
proach does not require knowing the formula for topological
invariants, it generalizes directly to other exotic phases that
are less well-understood.
Although we have explicitly focused on interaction-free
topological phases, extensions including the effect of inter-
action are possible. One approach is to embed the interaction-
free Hamiltonian into the parameter space of multiple qutrits
and introduce interactive couplings between the qutrits, sim-
ilar to the method in Ref. [41]. This represents an exciting
possibility to probe the effect of interactions in 3D topologi-
cal flat bands in such an interacting spin system. The use of
modern machine learning tools in this setting may offer new
insights in understanding topological phases with strong inter-
actions.
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I. EXPERIMENTAL SETUP
Our setup is based on a home-built confocal microscope with an oil-immersed objective lens with numerical aperture 1.49. A
532 nm diode laser, controlled by an acoustic optical modulator (AOM) under the double pass configuration, is used for spin state
initialization and detection. The fluorescence photons are coupled into a single-mode fibre and detected with a single photon
detector.
Two signal generators (Keysight N5181B) are used to generate microwaves with different frequencies. To control the am-
plitude and relative phase of signals, each microwave is modulated by an IQ mixer (Marki IQ 1545LMP) with two orthogonal
Megahertz microwaves, which are generated by a power splitter from the same analog output of an arbitrary waveform genera-
tor (AWG, Tektronix AWG70002A). The generated microwave signals are amplified by their respective high power amplifiers
and subsequently merged into one transmission line by a combiner. The combined signal is then delivered into an impedance
matching gold coplanar waveguide deposited on a coverslip where the sample is mounted. Two signal generators and AWG are
synchronized by a 10 MHz reference rubidium clock.
The sample is a [100]-oriented type IIa single crystal diamond grown by chemical vapor deposition (Element 6). It is irradiated
by 10 MeV electron beam with a dosage of 8 × 1013 e/cm2 and annealed at 850◦C for 2 hours in high vacuum. To enhance
the collection efficiency, a solid immersion lens with 5.2µm diameter was fabricated on top of the NV center by a focused ion
beam. Under 0.35 mW laser excitation, the NV center used in this experiment has a flourescence count ∼ 350 kcps. A magnetic
field of Bz ≈ 497.5 G is applied along the NV symmetry axis by a permanent magnet to polarize nearby spins [1] and remove
the degeneracy between the ms = +1 and ms = −1 electron spin states.
II. ADIABATIC PASSAGE
In the experiment, the electronic ground states of the NV center, |1〉, |0〉 and | − 1〉, are used as a qutrit system to simulate the
three-band Hamiltonian of chiral topological insulators as written in Eq. (1) of the main text. The momentum space Hamiltonian
is then mapped to the parameter space of our qutrit simulator.
Since the Hamiltonian Hk in Eq. (1) has no diagonal terms and no direct coupling between states |1〉 and | − 1〉, we can
implement the Hamiltonian at each parametric momentum point by two on-resonance microwaves (MW1 and MW2), coupling
states |1〉 ↔ |0〉 and | − 1〉 ↔ |0〉, respectively. In the presence of two microwaves and a high magnetic field along z axis, the
Hamiltonian for the NV three-level system is
H = ∆S2z +DSz + |Ω1| sin(ω1t+ φ1)Sx1 + |Ω2| sin(ω2t+ φ2)Sx2, (S1)
where ∆/2pi = 2.87 GHz is the zero-field splitting, D = gNV µBBz and Sz is the spin-1 matrix. |Ωi|, ωi and φi (i = 1, 2)
denote microwave amplitude, frequency and phase. The subscripts 1 and 2 correspond to two microwaves MW1 and MW2. The
spin matrices Sx1 and Sx2 correspond to the Pauli-x matrix in the subspace of |1〉, |0〉 and |0〉, | − 1〉 respectively, i.e.,
Sx1 =
 0 1 01 0 0
0 0 0
 , Sx2 =
 0 0 00 0 1
0 1 0
 . (S2)
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2In the rotating frame of the on-resonance microwaves and applying the rotating wave approximation, the Hamiltonian becomes
Hint =
1
2
 0 i|Ω1|e−iφ1 0−i|Ω1|eiφ1 0 −i|Ω2|eiφ2
0 i|Ω2|e−iφ2 0

=
|Ω1|
2
(− cosφ1Sy1 + sinφ1Sx1) + |Ω2|
2
(− cosφ2Sy2 + sinφ2Sx2),
(S3)
where Sy1 and Sy2 are the corresponding Pauli-y matrix in the subspace of |1〉, |0〉 and |0〉, | − 1〉. Comparing with the
Hamiltonian for chiral topological insulators [Hk in Eq. (1)], we see q1(k) − iq2(k) = i2 |Ω1|e−iφ1 and q3(k) − iq0(k) =
i
2 |Ω2|e−iφ2 . Therefore, one can control the amplitude and phase of MW1 and MW2 to realize the topological Hamiltonian at
any parametric momentum point k. The parameter h in Eq. (1) of the main text is controlled by |Ω2| and φ2.
To simulate the property of a whole band, we prepare the eigenstate of the Hamiltonian at different momentum points via an
adiabatic passage. In the experiment, we probe the lower band (ground state band) and middle flat band of the chiral topological
Hamiltonian. Before any adiabatic passage, the spin state is first initialized to the state |0〉. We then prepare the corresponding
eigenstate of the Hamiltonian at kx = ky = kz = 0, which is |ψ(m)0 〉 = |1〉 for the middle band and |ψ(l)0 〉 = 1√2 (|0〉+ i| − 1〉)
for the lower band. We use a pi-pulse between |1〉 ↔ |0〉 state to prepare the initial state |ψ(m)0 〉. For the lower band, we prepare
|ψ(l)0 〉 by performing an adiabatic passage with the WURST-N (N = 20) pulse shape [2] between | − 1〉 ↔ |0〉 state
|Ω2|(t) = |Ω2|max
[
1−
∣∣∣∣sin(pi(T − t)2T
)∣∣∣∣20
]
, (S4)
∆ω2(t) = ∆ω2max(t/T − 1). (S5)
Here T is the total sequence time for the two-level adiabatic passage, |Ω2|max = 2pi × 20.83 MHz is the maximum amplitude
for MW2, and ∆ω2max = 2pi × 30 MHz is the maximum detuning for the microwave frequency of MW2. Adiabatic condition
requires
∣∣∣~〈ψ(m)|ψ˙(l)〉El−Em ∣∣∣ 1, which means
Q ≡ 2(∆ω
2
2 + |Ω2|2)3/2
˙|Ω2|∆ω2 − |Ω2| ˙∆ω2
 1. (S6)
In the preparation of |ψ(l)0 〉, we have Q > 90.
After preparing the corresponding initial state for the lower or middle band, we adiabatically change the Hamiltonian from
k = (0, 0, 0) to any other momentum points. By measuring the eigenstate at all momentum points (on a discrete grid) via full
quantum state tomography, we can collect individual measurements and hence probe the properties of the entire topological band.
More specifically, we first linearly ramp the amplitude of MW2 from |Ω2|max down to the required |Ω2|, which is normalized
by |Ω2|/|Ω2|max = |q3 − iq0|/|q3 − iq0|max, while the phase changes from pi to φ2 for the lower band or keeps constant at
φ2 for the middle band. At the same time, the amplitude of MW1, |Ω1|, is slowly ramped up from 0 to |Ω1|, determined by
|Ω1|/|Ω2| = |q1 − iq2|/|q3 − iq0| with a constant phase φ1. The adiabatic condition for our three-level ramping passage is
satisfied if
Q ≡
∣∣∣∣∣
√
2(|Ω1|2 + |Ω2|2)3/2
(−|Ω2| ˙|Ω1|+ |Ω1| ˙|Ω2| − i|Ω1||Ω2|φ˙2)e−i(φ1+φ2)
∣∣∣∣∣ 1. (S7)
In our experiment, we set Q > 50.
III. QUANTUM STATE TOMOGRAPHY OF A QUTRIT SYSTEM
At the end of the adiabatic ramp, we perform a full quantum state tomography to measure the eigenstate of the topological
Hamiltonian at some momentum point k. The density matrix of a qutrit system can be written as
ρ =
 a c+ id g + ihc− id b e+ if
g − ih e− if 1− a− b
 . (S8)
3The parameters of the density matrix can be determined by measurements in eight different sets of basis as outlined in the table
below.
TABLE S1. Operations for tomographic measurements
|1〉 ↔ |0〉 | − 1〉 ↔ |0〉 p1 p0 p−1
a b 1− a− b
piY b a 1− a− b
piX/2
a+b
2 + c
a+b
2 − c 1− a− b
piY /2
a+b
2 − d a+b2 + d 1− a− b
piX/2 a
1−a
2 − e 1−a2 + e
piY /2 a
1−a
2 − f 1−a2 + f
piY piY /2 b
1−b
2 + g
1−b
2 − g
piY piX/2 b
1−b
2 − h 1−b2 + h
The number p1, p0 and p−1 are the probabilities of measuring the ms = 1, 0,−1 states after the corresponding rotations. The
total fluorescence N we collect in experiment is
N = N1p1 +N0p0 +N−1p−1 (S9)
where N1, N0 and N−1 are the fluorescence of states |1〉, |0〉 and | − 1〉, which are determined by two Rabi oscillations. Com-
bining measurements in all eight bases, the full density matrix can be reconstructed.
To ensure the density matrix satisfy the positivity condition, the maximum likelihood estimation is employed. Define ρˆp(t) as
a legal density matrix
ρˆp(t) = Tˆ
†(t)Tˆ (t)/Tr[Tˆ †(t)Tˆ (t)], (S10)
where Tˆ is a tridiagonal matrix formed by a set of independent real parameters {t1, t2, · · ·, t9}:
Tˆ (t) =
 t1 0 0t4 + it5 t2 0
t8 + it9 t6 + it7 t3
 . (S11)
The measurement data after the above operations are noted as nν (ν = 1, 2, · · ·, 8) whose expected value is n¯ν . Assume that
the noise of measurement data has a Gaussian probability distribution [3]. The probability of obtaining a set of eight counts
{n1, n2, . . . , n8} is
P (n1, n2, . . . , n8) =
8∏
ν=1
exp
[
− (nν − n¯ν)
2
2σ2ν
]
, (S12)
where σν is the standard deviation for the νth measurement data approximated to be
√
n¯ν and n¯ν is the expected fluorescence
for ρˆp(t) after eight operations:
n¯ν(t1, t2, · · ·, t9) = N1p1,ν +N0p0,ν +N−1p−1,ν . (S13)
Instead of searching for the maximum value of P (n1, n2, . . . , n8), it is more convenient to find the minimum of its negative
logarithm:
`(t1, t2, · · ·, t9) =
8∑
ν=1
[n¯ν(t1, t2, · · · , t9)− nν ]2
2n¯ν(t1, t2, · · ·, t9) . (S14)
With standard numerical optimization tools, we find the optimum set of {t1, t2, · · ·, t9} to minimize `(t1, t2, · · ·, t9). The corre-
sponding ρˆp is the best estimation of the density matrix.
Each measurement cycle consists of a 3µs green laser initialization, microwave operations and final detection with a green
laser turned on. During the detection, fluorescence collected in the first 300 ns synchronous with the green laser is regarded as
the signal, while another 300 ns fluorescence collection after 2µs laser illumination is the reference. For each measurement, we
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FIG. S1. State fidelities for the middle band at different momenta k. The upper and the lower panels have different parameters h = 2 and
h = 4, respectively. Each panel contains 10 subfigures where the momentum kz are equally spaced from 0 to 0.9/2pi. The horizontal and
vertical axes of each subfigure denote kx and ky , which vary from 0 to 0.9/2pi with an equal spacing. The average fidelity for the 10×10×10
measured momentum points is 96.3(27)% (97.4(23)%) for the case of h = 2 (h = 4).
repeat the experimental cycle for 4× 105 times, collecting a total photon count of ∼ 4× 104. Error bars are calculated through
Monte Carlo simulation by assuming a Poissonian distribution of the counts.
State fidelity is calculated as Fk = 〈Ψk|ρk|Ψk〉, where ρk is the measured state and Ψk is the theoretically obtained state.
In Fig. 1(d) and (e) of the main text, we show the histogram of the fidelity distribution. Here, we plot the full state fidelity
information at all momenta k in Fig. S1. The average fidelity for the 10 × 10 × 10 measured momentum points is 96.3(27)%
(97.4(23)%) for the case of h = 2 (h = 4). The largest contributions for the infidelity are: microwave pulse errors caused by
nonlinear equipments such as the combiner and power splitters; environmental fluctuation during the long time measurement as
the N1, N0 and N−1 are calibrated every 4 ∼ 5 hours.
IV. CONVOLUTIONAL NEURAL NETWORK
A. Descriptions
As an input to the convolutional neural network (CNN) [4], we represent a n-by-n density matrix ρ as a real vector x in
Rn2−1. In our case, we have a qutrit system where n = 3. The density matrix can be expanded in terms of generalized
Gell-Mann matrices [5] and the identity. Let us briefly recall the definition of generalized Gell-Mann matrix here.
Let {|1〉, . . . , |n〉} be the computational basis of the n-dimensional Hilbert space, and Ej,k = |j〉〈k|. We now define three
sets of matrices: the first set is symmetric, sj,k = Ej,k + Ek,j for 1 ≤ j < k ≤ n; the second set is antisymmetric, aj,k =
−i (Ej,k − Ek,j) for 1 ≤ j < k ≤ n; the last set is diagonal, dl =
√
2
l(l+1)
(∑l
j=1Ej,j − lEl+1,l+1
)
for 1 ≤ l ≤ n− 1. The
generalized Gell-Mann matrices are elements in the set {λi} = {sj,k} ∪ {aj,k} ∪ {dl}, which gives a total of n2 − 1 matrices.
{λi} ∪ {I} forms an orthogonal basis of observables in the n-dimensional Hilbert space because tr (λi) = 0 and tr (λiλj) =
2δij . Therefore, we can express any density matrix ρ as
ρ =
1
n
(
I+
√
n(n− 1)
2
x · ~λ
)
, (S15)
5where x = (x1, x2, . . . , xn2−1) ∈ Rn2−1 satisfies
xi =
√
n
2(n− 1) tr (ρλi) . (S16)
Thus, each density matrix can be represented as eight real numbers. The input data for the CNN are density matrices (as real
numbers) on a 10 × 10 × 10 momentum grid. For each h, we numerically generate the input sample of density matrices. The
entire data set consists of 5000 samples, where h is varied uniformly from h = −5 to h = 5. Removing the interval [1.8, 2.2]
and [3.8, 4.2], where the experimental data lie, we are left with 4601 samples. This is further divided into the training set and
validation set randomly with a ratio of 3 : 1, producing 3680 training samples and 921 validation samples.
The CNN architecture consists of three layers: a 3D convolution layer, a 3D maxpooling layer, a dropout [6] layer with rate
0.4, and a fully-connected flattening layer with 0.55 dropout regularization. The last layer is then connected to the final softmax
classifier, which outputs the probability for each possible topological phase. In our case, we have three categories, which are
labelled as θ(m)/pi = 0, 1,−2. The dropout layer avoids overfitting and is crucial for maintaining good performance when parts
of the data are missing. We choose the RMSprop optimizer [7] and a batch size of 128. The learning rate is set to be 10−3 during
training.
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FIG. S2. Learning topological phase transitions. The CNN is trained with correct labels of topological phases from h = −5 to h = 5, except
for the intervals [−3.5,−2.5], [−1.5,−0.5], [0.5, 1.5], and [2.5, 3.5]. The trained CNN is then applied to learn the topological phase transition
points. (a) Topological phase transition near h = 1. The solid curves denote the prediction probabilities for respective phases with the input
as the full density matrix data on a 10 × 10 × 10 grid. The dots are corresponding prediction probabilities with partial data input, where a
proportion p = 0.5 is randomly discarded and each dot is averaged over 100 random realizations. (b) Similar to (a) but for phase transitions
near h = 3. (c) Learning the topological phase transition point near h = 1. For each p (except p = 0), the phase transition point hc is averaged
over 100 random realizations, with standard deviations giving rise to the error bar. (d) Learning the topological phase transition points near
h = 3.
6B. Learning phase transitions
In this subsection, we demonstrate that CNN can be used to learn topological phase transitions. The use of machine learning
tools to study phase transitions is pioneered by Ref. [8–10]. Here, we adapt the idea to topological phase transitions. In principle,
the entire training and learning process can be performed with purely experimental data. However, due to the extremely long data
taking time for various h values, we use numerical simulation here to demonstrate the power of the machine learning approach.
The basic idea is the following: suppose the distinct phases of matter can be characterized (labelled) far away from the phase
transition boundaries; the correct labels of the phases can be used to train a CNN, which can subsequently be applied to study
phase transition behavior and identify phase transition points. This is the common scenario when one studies phase transitions.
For example, we can easily identify and distinguish paramagnetic phases and ferromagnetic phases far away from the phase
transition boundaries. The CNN can then be trained and applied to explore the phase transition behavior.
Here, we demonstrate the above capabilities of the machine learning approach. We first train a CNN with correct labels of
topological phases from h = −5 to h = 5, except for the intervals [−3.5,−2.5], [−1.5,−0.5], [0.5, 1.5], and [2.5, 3.5]. We
know topological phase transitions occur in those parameter ranges and would like to use a CNN to identify phase transition
points. Fig. S2(a) shows the prediction of phases near h = 1. With the full set of data on a 10× 10× 10 grid, we can identify a
sharp phase transition point hc, where the probabilities cross. If we remove a p = 0.5 proportion of the data, the phase transition
becomes less sharp, and the transition point also shifts further away from the theoretical value (h = 1). Fig. S2(b) shows a
similar plot for phase transition near h = 3.
We locate the phase transition point from the crossing point of prediction probabilities. Fig. S2(c) and Fig. S2(d) plots the
phase transition point hc versus the data dropping proportion p. For each p (except p = 0), the phase transition point hc is
averaged over 100 random data dropping realizations. We can clearly see that as we use less data in the input (p increases),
accuracies decrease and uncertainties grow. We note that quantum fluctuations increase near phase transitions, so more data are
needed for the correct recognization of the phases. This is in contrast with Fig. 2(c) of the main text, where h = 2 and h = 4 are
far from the phase transition, so those phases can be learnt correctly with less data.
V. CONVENTIONAL METHOD TOMEASURE TOPOLOGICAL INVARIANTS
In this work, we mainly used the convolutional neural network to learn the topological invariants. Alternatively, one can
also make use of the state-of-the-art discretization method based on quantum state tomography proposed in Ref. [11, 12] and
implemented recently in Ref. [13] for measuring the Hopf invariant. The scheme is robust to finite discretization error and is
able to overcome the problem of local gauge ambiguity. Table S2 shows the measured topological invariant compared to the
theoretical value from state tomography on a 10 × 10 × 10 momentum mesh grid. Theoretically, we can also simulate the
measurement of topological invariants on a smaller mesh grid, as shown in Fig. S3. This scheme is quite robust and correct
values can be extracted for N ≥ 6.
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FIG. S3. Theoretically extracted values of the topological invariant θ(m) based on the discretization method from a N ×N ×N momentum
grid.
7TABLE S2. Measured topological invariant θ for the middle band based on the discretization method. The topological invariant is extracted
from experiment by full quantum state tomography on an equally-spaced N × N × N momentum grid. Uncertainties in the experimental
values are obtained from Monte Carlo simulations by assuming a Poissonian distribution for the measured fluorescence counts. Corresponding
theoretical values on a finite and an infinite grid are shown in comparison.
h θ(m)/pi
Experiment (N = 10) Theory (N = 10) Theory (N =∞)
2 1.032(4) 1.041 1
4 −0.0015(5) 4× 10−6 0
Here, we make a few comments on comparing the machine learning approach and the conventional method. First, the CNN
does not need to know the formula for topological invariants, so it has the power to be generalized to less well-understood
phases of matter, where the order parameters or topological invariants are not a priori known. In addition, the machine learning
tools have the advantage of directly using measurement results in the form of mixed states. In terms of data efficiency, CNN
is slightly more efficient and robust, though a direct comparison is not possible. The discretization method used here does not
find the correct topological invariants on a 5 × 5 × 5 grid, but the CNN can still identify the correct phases with 5% data on a
10× 10× 10 grid with ∼ 80% probability. In addition, the neural network still works surprisingly well even for a small number
of randomly distributed data samples, whereas the extraction of topological invariants based on the method here may not be
straightforward when measurement data are spread over random momentum points.
VI. ENERGY SPECTRUM
In Fig. 2 of the main text, we plot the energy spectrum for h = 2 and h = 3. Here, we include, in Fig. S4, additional plots
for h = 0, 1, 4 to further probe the dispersionless middle band as well as the change in lower band. Again, we measure energy
spectrum on a 10 × 10 grid in the (kx, ky) plane for the momentum layer kz = pi. For h = 0 and h = 4, we can clearly see a
band gap, while for h = 1, the gap closes at (kx, ky, kz) = (0, pi, pi) and (pi, 0, pi), which is less obvious due to finite resolution.
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FIG. S4. Experimentally measured energy dispersion of each band for the momentum layer kz = pi with (a) h = 0, (b) h = 1, and (c) h = 4,
together with the corresponding theoretical plots in (d),(e), and (f). Energies are measured via quantum state tomography on a 10× 10 grid in
the (kx, ky) plane, and the surface plots are interpolated from the grid.
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